We describe our recent work on the lattice formulation of N = 4 three-dimensional super-YangMills. Our formulation was based on the Donaldson-Witten twist, but we have also been studying the formulation based on the Blau-Thompson twist by Joseph. We find in the latter case there is a single counterterm necessary to restore supersymmetry in the continuum limit, and that this counterterm can be computed with a two-loop calculation in lattice perturbation theory. It is crucial that this three-dimensional model is super-renormalizable. We also describe some of the motivations for studying three-dimensional theories, including mirror symmetry and holographic cosmology.
Motivations
One of the motivations to study three-dimensional (3d) super-Yang-Mills (SYM) is mirror symmetry [1] . This is a duality that relates physics on the Coulomb branch of a 3d gauge theory to the physics on the Higgs branch of another 3d gauge theory, and vice versa, with Coulomb and Higgs interchanged. These branches have to do with different vacua that are allowed within the theories, described by moduli space with a metric and vacuum coordinates. A nontrivial moduli space is indeed a common feature of supersymmetric theories with extended supersymmetry, in this case N = 4 supercharges. To be fair, the examples of mirror symmetry all involve SYM with additional matter fields, whereas our lattice studies have so far focused on pure "super-glue." However, it is a first prerequisite to be able to study the gauge theory without matter, and then once confidence has been built, to add the matter to further studies.
Another interesting feature of the 3d SYM theories is that the gauge coupling is dimensionful, [g 2 ] = 1. Thus the theory contains an intrinsic scale in the ultraviolet (UV) description. Nevertheless, it is believed that in the infrared (IR), these supersymmetric gauge theories flow to a nontrivial conformal field theory (CFT), without any fine-tuning of couplings. This is interesting because the CFT must be free of scales.
Three-dimensional gauge theories with adjoint scalars, such as N = 4 SYM, are of use in the scenario of holographic cosmology [2] . Indeed the SYM theory has exactly the type of quartic scalar interaction that is needed. It is claimed that holographic cosmology can do a better job of modeling small angle (ℓ < 30) cosmic microwave background (CMB) than the conventional ΛCDM model. Here, lattice simulations would predict large angle statistics and anomalies-it is hoped.
Of course, 3d SYM would also be useful for studying the holographic correspondence on AdS × X 6 , where X 6 is some compact manifold that encodes the internal R symmetry group of the gauge theory.
Continuum theory
The continuum theory may be obtained as a dimensional reduction of the 6d N = 1 SYM to 3d. Thus we begin with
The dimensional reduction proceeds rather naively:
for the gauge fields, and for the fermions
Note that the index I corresponds to the N = 4 of this SYM. The topological twists of this theory, upon which the lattice formulations are based, are most easily seen from the 6d → 4d dimensional reductions. In that case we have the spacetime group
We also have the internal R symmetry group
From these, we derive the twisted rotation group
Writing all of the fields in terms of representations under this group, the Lagrangian takes the
The 3d theory is then obtained simply by the replacement
This was the basis of our lattice formulation in [4] . An alternative, Blau-Thompson, twist [5] is used in [6] . The dimensional reduction of the 6d rotation group to 3d is denoted by:
Then one takes the twisted rotation group to be
This corresponds to the earlier Q = 8 formulation by orbifold method [7] .
Lattice formulation based on Donaldson-Witten twist
What we found is that in order to preserve the exact nipotent Q, we must complexify everything. We have a dynamical lattice spacing, as usual in these twisted/orbifold lattices. We then lift the additional fields with generic mass terms. The lattice Lagrangian is then:
Lattice gauge invariance and Q invariance of χ µν (n) = 1 2 ε µνρλχρλ n + e µ + e ν . So, the theory must be 3d. After using the equations of motion,
The last term is Q invariant using the lattice Bianchi identity. Note that Q, which is nilpotent, acts as:
Counterterms
The fine-tuning to recover supersymmetry in this 3d theory is calculable because the theory is super-renormalizable. We have found in our detailed investigations that all counterterms are one-loop or two-loop, and not higher. So, there is a finite number of counterterms that can all be calculated in lattice perturbation theory. Calculating the loop integrals must be done numerically, but it is doable since we are only in 3d. Perturbative corrections include the effects of the mass terms 1 and scalar Q breaking.
As a reference point for restoring supersymmetry in a lattice theory, there is a finite counterterm in supersymmetric quantum mechanics with naïve discretization [8] . Doublers appearing in the one-loop correction to the scalar propagator (cancelled by scalar loop in the Q-exact case) give rise to this counterterm. That earlier study also shows the power of Symanzik improvement in terms of obtaining "good supersymmetry."
We are currently coding up the Joseph discretization because it is much cleaner. It has only one counterterm due to the exact Q, point group and lattice gauge invariance. The lattice Lagrangian is especially simple
For dimension counting it is best to have canonical normalization (otherwise everything is very confusing) where Ψ and Φ generically represent fermions and bosons respectively. Indeed we have also found that there are no closed operators that are relevant or marginal in this theory. 2 Point group, lattice gauge invariance, limit to
This has the effect of shifting the d equation of motion by a constant. Perturbative calculations are underway, including Symanzik improvement, which obviously involves many higher dimensional operators. E.g., at leading order in this improvement, we must write down all dimension three Q invariant fermionic operators.
Conclusions
The holographic cosmology does not really require supersymmetry, but it will be interesting to see how supersymmetry impacts large angle predictions. Concrete realization of Symanzik improvement versus supersymmetry in 3d should be very enlightening. In the Blau-Thompson twist we only have one counterterm to determine in order to get full N = 4 supersymmetry. We have found that the one-loop contribution vanishes identically, but the two-loop contribution needs to be performed numerically. Symanzik improvement will require more counterterms and diagrams, but will significantly improve the supersymmetry of the lattice simulations. It is worth mentioning that there is also a suggestion of how to preserve all of the supersymmetry in this 3d SYM theory using a modified Leibnitz rule [10] , though we do not know how to realize such a proposal on a computer because of the complexities of the braided fields.
